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Lecture 17:anch

·

fix4 is holomorphic if

f'(z) = linf
· fis holo( - is real-diff

+ "Extra structu

· Ex : f(z) = /R is
real-differentiable

,
since

f(x + iy) = x+y ,

but not holomorphic .

usual properties of derivative holt for holomorphic

functions : a,
bed and fig:- P

a) (Linearity If a
,

beK
,

ther

(n f + bg)'(z) = af' (z) + by'(z) S

6) (Leibnizkulel

(fg)'(z) = f'(z)g(z) + f(z)y'(z)

e) (chain Rule)

(y.
+)'(z) = g'(f(z)) +

'

(z)
.



Cauchy-Riemann Equations
-

Any real-differentiable
: D-K has a Jacobian.

2

write WiRER V :R-R

f(x + iy) = uk
,y) + iv(x ,y)

Dfz :[E)
For f to deholomorphic ,

need the limits from

all directions to be equal :

f (z) = linf
· Let's first take her

.

Let z=xtig .

-f)=x + h
, y) + iv(x

+
h

, y) - u(x
,y) - iv(x

, y)

:thy) - u(x ,y) +iY(xh, y) - v(x
,y)

lim
n+
->- i y

j



· Now
, taking iheil ,

#ih-fiz:y+h) + jv(x
,y +h) - u(x

, y) -
iv(x

,y)
ih

:yth)
- u(x

,y) +1)Y(xy
+h - v(x ,y))

lim

ni,+y
Equating limits ,

E

=> Fiat-E . (

Cauchy Riemann Equations!
This is a condition on

the Jacobian :

if En and =, Aw ! This
isthe

Hiplication
Dfl)) = [b] & Jacobian

of
me

ver

by a complexer
atb :

Ihm :

f is holomorphic flxy)
= uky) + irking) is

real-differentiable and satisfies

the CR-equations (*).



toueyysfol
we will work on 201tinuous

, piecewise
smooth curves

U : [a . 6]- C : w(6) 2(6)

u(t) ·
*Most %

·

-(a) vlu] ·
uno

X
↑

No ! No !

Orientation =
it has a direction ! notzts

. piece-iseL

meas finitely
many discontinuities

Recall : Chain
rule

in Wit).

f : D+ K ,

V : (a)+ ·

(for)' ( + ) =
f (w(z)) .Ut)

Two common paths:
· (Lines) 8 : [0 ,

13 - D ,

fix z
,
W.

V (t) = tw + (1 - t)z
· -(1)= w

A
&

V(o)= E

· Circles) : 50 ,1- K
,
fix radius -

.

it2 T

u(t) = re

& Wid= 2/1) = r



In vector cal
,

we integrate a : R21 along
contours U : [a

,
6)- R26+

(6)
Sou = Soulw(t)w'(t)6 (a)

so now

gletig) : Su+iJv - JuWGtiA
= Sof(UI)U

Ref :

f : &- Cand W : [0 .6] -> I is a smoth curve
.

Then theour integral of falangVis

Sof = Sf(z) de : = Sof(H))V't) It
· Note that curves come

with "
an orientation :

· Special case :

if f :B -R ,N i gaf(z = - (ftdt
&

*

y -J -
So & flz)dz : -fflzitz

-y z 8 : [a ,
67-+ D

concatenate curves
,

as longas:-And we may V
,
(b) = ((c)

(6) :
8 .
(c)

U,
2

· Slide + Sfledze Helle

N2 U
,

Va
S
U

,
+Us



We want integrals to depend only on the curve Uta ,])
,

not the parameterization.
· Eg . ~
& eidt

,

telo ,
it) should be the sor as

& eit
,
++ [0 ,

2π)

Sfdz = (
* flei) . Zie

:24t related 6 -

j J

6yftz =
fieiFgE E =

27.

ingener

Exp: Creparameterization] E=etrable

IfI a repare ,

of V, and orientation

St = St preserving .

for any cts .

f.

E j
& Moral : Depends

on

contour

e
7 : Sof z

·

terizati
drame

By det. not P

Sof = S
.

"f(wit) .Wel GE

chai-Lith .

It.
=(f8kd(+11 . G'((t)) .

alt) ot

st
: E a

<(t)
:Sinc

-
: gf(skts:


